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LETTER TO THE EDITOR 

More on the q-oscillator algebra and q-orthogonal 
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Abstract. Properties of certain qdrthogonal polynomials are connected to the poscillator 
algeh.  The Wall and q-lagoene polynomials are shown to arise'as matrix elements of q- 
exponentials of the generators m a representation of this algebra. A realization is presented 
where the mntinuous q-Hennite polynomials form a basts of the representation space. Various 
identities are interpreted within this model. In particdar, the COM&O~ formula between the 
continuous big q-Hermite and the continuous q-Hermite polynomials is thus obtained, and two 
generating functions for these last polynomials are derived algebraically. 

The q-oscillator algebra 111 is generated by the elements A+, A- and K = q-Np subject 
to the relations 

(1) 

Clearly it represents a q-deformation of the oscillator algebra which is retrieved in the limit 
q + 1. The algebra (1) has been found to have a number of applications. It was shown, in  
particular, to provide the algebraic interpretation of various q-special functions. (See, for 
instance [l-11, 18, 191.) The purpose of the present letter is to present additional results 
on this topic. 

Most special functions have q-analogues r12.131; these arise in various connections and, 
in particular, in the description of systems with quantum group symmetries. The algebraic 
interpretation of many q-special functions has been shown to proceed in analogy with the 
Lie theory treatment of their classical, q + 1, counterparts. (See for instance [l, 9, 111.) 

One considers q-exponentials of the generators of a q-algebra and observes that their 
matrix elements in representation spaces are expressible in terms of q-special functions. 
One then uses models to derive properties of these functions through symmetry techniques. 
This approach has proven to be very fruitful and is still actively pursued. It is the one we 
shall adopt here. 

The outline of this letter is the following. We shall first introduce the representation of 
(1) that will be used, and give a realization of this representation where the continuous q- 
Hermite polynomials play the role of the basis vectors. Matrix elements of q-exponentials of 
A+ and A- will then be evaluated and seen to involve. in some cases, Wall and q-Laguerre 
polynomials. Finally, these results will be used in conjunction with the model we mentioned 
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1 A-A+ - -A+A- = 1 
4 

KA+ = q-'"A+K KA- = q'I2A-K. 
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to obtain formulae involving the continuous q-Hermite polynomials. A connection formula 
and two generating function identities will thus be derived algebraically. 

We shall consider the following representation of the q-oscillator algebra. We shall 
denote by (", n = 0,1 ,2 , .  .. the basis vectors, and take the generators At, A- and K to 
act according to 

A+( n -  - -q-(n+1)/2(nt1 A& = qn/2t1 (-) ("-1 K(" = q-"/'&. (2) 

It is immediately obvious to check that these definitions are compatible with the commutation 
relations (1). A first connection with q-polynomials is made by observing that there exists 
a realization of this representation where the continuous q-Hermite polynomials H,(xlq) 
appear as basis vectors [14]. These polynomials are defined as follows [13]: 

1 -q-" 

1 - 4  

(3) 

with the q-binomial coefficients given by 

(q; 4)" [;I,= IIn:klp= ( q : q ) k ( q ; q ) " - k .  
We use standard notation [12, 131 where (U; q). stands for 

(4) 

The classical Hermite polynomials H.(x) are obtained as follows 
Hermite polynomials H.(xlq) in the limit q + 1: 

xn the con -AIOUS q- 

Let T, be the q-shift operator: 

Tzf(z) = f(qz). (7) 

$ n ( x ) = H n ( x [ q )  n = 0 , 1 , 2  ,... (8) 

It can be verified [15] that the representatcon (2) is realized by setting [14] 

and taking At, A- and K to be the following operators acting on functions of x = 
(z + z-W, z = e% 

The operator r = (z - z-')"(&'" - &-"') in A- is r f ~ ~ ~ . ~ e d  to as the divided difference 
operator. 

In order to mimic the exponential mapping from Lie algebras to Lie groups, we shall 
need q-analogues of the function eX. We introduce the q-exponentials 
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In the limit q + 1 ,  once x has been rescaled by ( 1  - q) ,  these functions all tend to 
the ordinary exponential lim,+I Eq [ ( l  - q)x]  = ex. For some specific values of y, they 
correspond to standard q-exponentials. Indeed, for p = 0 and /.L = 3 one has [12] 

(!A 

E:'"(X) = E,(q-'/'x) = (-q-"*x; q)m. (lib), 

Note that eq(Ax) and E,(-qAx) are, respectively, eigenfunctions with eigenvalue h of the 
q-derivative operators D+ = 2-'(1 - Tz) and D- = z- l ( l  - TF1). Not so well known is 
the q-exponential 

introduced in [16]. It enjoys the property of being an eigenfunction of the divided difference 
operator r with eigenvalue abq-'l4, and, in the limit q + 1 ,  E, ( x ;  a, (1 - q)b) -+ 
exp[(l +a2  - 2ax)bI. We observe that 

E! /4) (X)  = Eq(-; 0, x )  . (13) 
The operators 

Ub,")(ci, B )  = E$) ((1 - q)ciA+) E$') -(I - q)A- (14) 

in the completion of the q-oscillator algebra, are central in OUT analysis. In the limit q + 1, 
they go into the Lie group element euA+epA-. Their matrix elements in the representation 
space spanned by the vectors Cn are defined by 

c ) 

m 

u ~ ' ~ ) ( u ,  P E ~  = u$iV'(u, B X m  (15) 
m=O 

and, when evaluated, are found-to involve q-special functions. Explicitly, one obtains 

(i6a) 

where Pi".")(x; q Y 1 q )  are the polynomials given by 

Note that in passing from expression (16a) to (16b) for U&f)(rr, B )  or vice versa, m and n 
as well as y and U, are exchanged in the polynomials P?"'. 

The connection with standard q-polynomials is observed for particular values of p and 
w .  The little q-Laguerre or Wall polynomials [13] 
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are, for instance, seen to o m  for j~ = U = 0. Indeed, 

PPO)(-(l- q)& q m - n l q )  = P.((l- l/q)cff?; q m - n l q ) .  (19) 

Similarly, the q-Laguerre polynomials [14] 

are found to arise when p = U = $. In this case we find, for example, 

The q-hypergeometric series r#s that we are using are defined by 112, 131 

We shall now return to the model (8) and (9) and make use of these matrix elements 
to derive properties of the continuous q-Hermite polynomials. We shall first produce a 
formula giving the expansion of the continuous big q-Hermite polynomials H.(x; alq) in 
terms of continuous q-Hermite polynomials H.(x[q); that is, we shall derive from symmetry 
considerations an identity of the form 

m 

~,(x;alq) = CCx..Hk(xtq). 
k r O  

The continuous big q-Hermite polynomials are defined by 1131 

An algebraic interpretation of these polynomials is found in 1171. It is easy to see from 
definition (3) that the continuous q-Hermite polynomials H,(xlq) are the Q + 0 limits 
of the big ones, i.e. H,,(xlq) = Hn(x;Olq). Since the H,(x;nIq) and afonion the 
H,(xlq) are particular cases of Askey-Wilson polynomials. the coefficients C,," in (23) can 
evidently be obtained by specializing the general formula for the connection coefficients of 
these polynomials 1121. Our purpose here is to show that they can be given an algebraic 
interpretation. 

We adopt the realization (8) and (9) where the basis vectors are the functions 5;1(x) = 
H,(xlq) and the generato= the operators (5), and consider within this framework the action 
of €4(-; 0, (B(1 -q) /q)A-)  = U(0.i'4)(0, f?) on continuous q-Hermite polynomials. Since 
the computation of the matrix elements of L I @ ~ " ) ( c f ,  f?) is model independent, we have, on 
the one hand, from (15) and (16a): 

with 

B .  a = q-n/2+li4 
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On the other hand, it turns out that the action of &q(-; 0, (@(I - q ) / q ) A - )  on H.(xlq) can 
be resumed, using the explicit expression (3) and the q-binomial theorem 

One arrives at 

One then uses the uansformation formula [13] 

and definition (26) to show that 

q-; 0, Bs)H,(xlq) = HAx; alq) (30) 
where a is still given by (26). Putting (25) and (30) together finally yields the expansion 
formula 

In the limit q + 1, this relation tends to the following identity between classical Hermite 
polynomials: 

This can be verified using (6) and noting that 

As a second example of application, we shall constructively derive two generating function 
identities. Consider the action of the operators U ( p . v ) ( ~ / ( l  -4). 0) on e&) = 1. We have 
from (15) and (16b) 

On the one hand, this relation tells us how the function e&) = 1 transforms under the 
action of what would be in the l i t  q + 1, a transformation group element. On the other 
hand, if expressions in closed form can be found for (or/(l - q ) ,  0) W1, these would 
be generating functiofis for the continuous q-Hermite polynomials. 

It is zeadily seen that two such generating functions can indeed be derived from (34) 
for y = 9 and y = 9. In the first case one has, after having set p = 1 and inserted the 
explicit expansion of H,(xlq) in (34): 

1 3 
4 

When using !. = m - k instead of m as the summation index, the two sums are seen to split 
and one finds that 

(36) 
(Y 

Z 
.q-; 0, U A + )  . I  = e, (-q-%+, (-q-1/4-) 
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where e&) is the q-exponential defined in (l la).  One now sets r = -q-1/40r to see that 
(34) entails in the case p = 4, the generating function identity 

The action of U(3/4/4.0)(or/(l - q) ,  0) on c&) = 1 can similarly be cast in closed form. 
Again using (3) in (34), with p = :, we now have 

The two sums are reorganized by using l = m - k instead of m as summation index. This 
allows one to perfom the sum over l thanks to the explicit expansion for (llb), and one 
thus arrives at 

We set t = q1l4rr and combine (38) and (39) to find another generating function identity 

the algebraic interpretation of which stems from (34). 
The results presented here illustrate once more the usefulness of the algebraic 

interpretation of q-special functions. It is remarkable that relations (31), (37) and (40), 
like m&y other q-special functions identities, have their origin in the representation theory 
of the q-oscillator algebra. 

One of us (LV) greatly benefitted from the support and hospitality extended to him by the 
Sezione di Trieste of the I”. The research of JL and LV is supported in part through 
funds provided by NSERC (Canada) and FCAR (Quebec). 
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